In this paper, we prove the existence of a common best proximity point for a pair of multivalued non-self mappings in partially ordered metric spaces. Also, we provide some interesting examples to illustrate our main results.
Introduction
The study of multivalued mappings plays a vital role in pure and applied mathematics because of its many applications, for instance, in real and complex analysis. In the literature, there are many researchers focusing on the study of abstract and practical problems which involve multivalued mappings. As a matter of fact, amongst the various approaches to develop this theory, one of the most interesting is based on best proximity point theory.
One can find the existence and convergence of best proximity points in [-] . For the existence of a best proximity point in the setting of partially ordered metric spaces, see [-] . Also, for more results on a best proximity point of multivalued non-self mappings, we suggest [-]. 
where a  , a  ∈ A  and b  , b  ∈ B  .
The existence of fixed points in partially ordered metric spaces was first established by Nieto and Rodriguez-Lopez [] . In this direction, Choudhury and Metiya [] proved the existence of a fixed point for multivalued self mappings in partially ordered metric spaces.
In this paper, our main objective is to establish the existence of best proximity points and common best proximity points of multivalued mappings in partially ordered metric spaces. Also, our results generalize the corresponding results of [] . In particular, the aim of this paper is to initiate the study of common best proximity points of multivalued mappings in partially ordered metric spaces.
Here we define the notion of proximal relation between two subsets of X.
Definition . ([]) Let
A and B be two nonempty subsets of a partially ordered metric space (X, d, ) such that A  = ∅. Let B  and B  be two nonempty subsets of B  . The proximal relations between B  and B  are denoted and defined as follows:
Main results
Now, we state our first main result in this section. 
where
is a nondecreasing and upper-semicontinuous function with ψ(t) < t for each t > .
(iv) If {a n } is a nondecreasing sequence in A such that a n → a, then a n a for all n. Then there exists an element a in A such that
for all n ∈ N with a  a  a  · · · a n a n+ · · · .
If there exists n  such that a n  = a n  + , then D(a n  + , Ta n  ) = D(a n  , Ta n  ) = D(A, B). This means that a n  is a best proximity point of T and hence the proof. Thus, we can suppose that a n = a n+ for all n.
Since a n- ≺ a n ,
By the triangle inequality of d, we have M(a n- , a n )
Also, we have
, hence N(a n- , a n ) =  for all n ∈ N. Using () and the inequality in (), we get
which is a contradiction. So, we have
Hence, the sequence {d(a n , a n+ )} is monotone nonincreasing and bounded below. Thus, there exists k ≥  such that
Taking n → ∞ in the above inequality and using the properties of ψ, we have
which is a contradiction unless k = . Hence,
Now, we claim that the sequence {a n } is a Cauchy sequence. Suppose that {a n } is not a Cauchy sequence. Then there exists >  with subsequences {a m(r) } and {a n(r) } of {a n } such that n(r) is the smallest index for which
Now, we have
Letting r → ∞ and using (), we can conclude that
Taking r → ∞ and using () and (), we get
Similarly, we can prove that
Since m(r) < n(r), a m(r)- a n(r)- , from () and (), we have
and
in the above inequality, we get
Using () and () in () and taking r → ∞, from (), (), () and (), we get
which is a contradiction to the property of ψ. Thus, {a n } is a Cauchy sequence in A and hence it converges to some element a in A. Since {a n } is an increasing sequence in A and a n → a, by hypothesis (iv), a n a, ∀n.
As n → ∞ in the above inequality, using a n → a,
and since ψ is upper-semicontinuous, we get
which is a contradiction unless D(b, Ta) = . This implies that b ∈ Ta, and hence D(a, Ta) = D(A, B).
That is, a is a best proximity point of the mapping T. 
b), D(a, Ta) -D(A, B), D(b, Tb) -D(A, B), D(a, Tb) + D(b, Ta)  -D(A, B) + L min D(a, Ta) -D(A, B), D(b, Tb) -D(A, B), D(a, Tb) -D(A, B), D(b, Ta) -D(A, B)
.
Also, it is easy to verify that this T satisfies all the conditions in Theorem .. It is clear that (, ) is a best proximity point of T.
The following corollary is a particular case of Theorem . when A = B. Also, it is a partial generalization of Theorem . in [].
Corollary . Let (X, , d) be a partially ordered complete metric space. Let A be a nonempty closed subset of X and T : A → CB(A) be a multivalued mapping such that the following conditions are satisfied:
(i) There exist elements a  , a  in A and
for all comparable a, b ∈ A, where L ≥  and ψ is an altering distance function.
(iv) If {a n } is a nondecreasing sequence in A such that a n → a, then a n a for all n.
Then there exists an element a in A such that D(a, Ta) = . That is, a is a fixed point of the mapping T.
The following corollary is a particular case of Theorem . when T is a single-valued self mapping. (ii) T satisfies
for all comparable a, b ∈ A, where L ≥ , and ψ is an altering distance function.
Then there exists an element a in A such that d(a, Ta) = . That is, a is a fixed point of the mapping T.
Now, we state our second main result in this section.
Theorem . Let (X, , d) be a partially ordered complete metric space. Let A and B be nonempty closed subsets of the metric space (X, d) such that A  = ∅ and (A, B) satisfies the P-property. Let S, T : A → CB(B) be a multivalued mapping such that the following conditions are satisfied:
(
(iv) If {a n } is any sequence in A whose consecutive terms are comparable with a n → a, then a n a for all n.
Then T and S have a common best proximity point.
Proof By assumption (ii), there exists
Continuing in this way, we can construct a sequence {a n } such that () for each n, a n ∈ A  and b n+ ∈ Ta n and b n+ ∈ Sa n+ with d(a n , b n ) = D (A, B) ; () for each n, a n a n+ and a n+ a n+ .
First we claim that any best proximity point of T is a best proximity point of S and conversely. Now suppose that p is a best proximity point of T but not a best proximity point of S. Consider
which is a contradiction, unless D(p, Sp) = D(A, B). Hence p is a best proximity point to S.
Using a similar argument, we can prove that any best proximity of S is a best proximity point of T.
If there exists a positive integer N such that a N = a N+ , then a N becomes a common best proximity point. Similarly, the same conclusion holds if a N+ = a N+ for some N . Therefore, we may assume that a n = a n+ for all n ≥ . We know that d(a n , b n ) = d(a n+ , b n+ ) = D(A, B) and so by the P-property, we have d(a n ,
Therefore, by inequality () and by inequality (), we get
which is a contradiction. Hence, d(a n+ , a n+ ) < d(a n , a n+ ) for all n ≥ . In a similar way, we can prove that d(a n+ , a n+ ) < d(a n+ , a n+ ) for all n > . Then {d(a n , a n+ )} is a monotone decreasing sequence of nonnegative real numbers. Hence there exists k ≥  such that lim n→∞ d(a n , a n+ ) = k. We will now claim that k = . From the above discussion, we have
Taking n → ∞ in the above inequality, we get
which is a contradiction unless k = . Therefore,
Now we will prove that {a n } is a Cauchy sequence. Let m > n. Then
which implies that {a n } is a Cauchy sequence in A. From the completeness of X, there exists a ∈ X such that a n → a as n → ∞. Since A is closed, a ∈ A. Also, by assumption (iv), a n a for all n. Since d(a n , a n+ ) = d(b n , b n+ ), the sequence {b n } becomes Cauchy.
Hence it converges to some b ∈ X. By the relation d(a n , b n ) = D(A, B) for all n, we conclude A, B) . We now claim that b ∈ Ta. As n → ∞ in the above inequality, and using the properties of sequences {a n } and {b n }, we get Also, T and S satisfy all the other conditions in Theorem .. It is easy to check that (, ) is a common best proximity point to S and T.
